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This paper presents a unified method for the solution of the matrix Stieltjes
moment problem in both the nondegenerate and degenerate cases, based on
the use of our recent investigation of the matrix Hamburger moment problem.
As a by-product, a complete solution of the matrix NevanlinnaPick inter-
polation problem in the class of the matrix-valued Stieltjes functions is derived as
well.  2001 Academic Press
1. INTRODUCTION AND PRELIMINARIES
Ž .The matrix Stieltjes moment problem S is formulated in the following
manner. Given m 1 Hermitian matrices s , . . . , s of order p, it is0 m
Ž .required to find conditions for the existence of a Hermitian measure  u
Ž . Ž pp0 u  i.e., a right continuous and nondecreasing C -valued func-
 ..tion on 0, subject to





ms  u d u ,Ž .Hm
0
and to describe the solutions if these conditions are met.
This problem with m 2n 1 was first considered by Yu. N. Dyukarev
 	  	2 and by V. A. Bolotnikov 3 , who gave the description of the set of all
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solutions for the nondegenerate and degenerate cases, respectively, in
Ž Ž . Ž ..terms of a linear fractional transformation of a Stieltjes pair p z , q z .
 	Recently, Chen and Li 4 also gave a complete solution to problem S with
m 2n 1 for the nondegenerate case based on the theory of orthogonal
polynomial matrices.
 	Following 1 , we treat in the present paper the problem S in a unified
method, not only for both the nondegenerate and degenerate cases, but
also for the cases of m 2n and m 2n 1. As an application, we shall
give a complete solution of the matrix NevanlinnaPick interpolation
problem as well.
pp Ž .Recall that a C -valued function F z analytic on the open upper
 Ž .half-plane C is said to be a Nevanlinna function if Im F z  0 for
z
C. The set of such Nevanlinna functions will be denoted by N . Eachp
Ž .F z 
 N admits a continuation into the lower half-plane by reflection:p
Ž . Ž . Ž .f z  f z * for Im z 0. A F z 
 N will be called a Stieltjes functionp
Ž .  . Ž .if in addition F z is analytic outside the semiaxis 0, and F z  0 for
real negative z. The set of such Stieltjes functions will be denoted by S .p
Ž .  	Each F z 
 S permits an integral representation 5 ,p
 d uŽ .
F z   , 1Ž . Ž .H u z0
Ž . Ž .where  * 0 and  u 0 u  is a certain Hermitian measure
Ž .1 Ž .such that tr H 1 u d u .0
 	 Ž . Ž . Ž .LEMMA 1.1 5 . F z 
 S if and only if F z 
 N and zF z 
 N .p p p
pp Ž . Ž . A pair of C -valued functions p z , q z , meromorphic in C , is said
to be a Nevanlinna pair if
det p* z p z  q* z q z  0, 2Ž . Ž . Ž . Ž . Ž .Ž .
i q* z p z  p* z q z  0. 3Ž . Ž . Ž . Ž . Ž .Ž .
Ž . Ž .  .If, furthermore, p z , q z are meromorphic outside the semiaxis 0, ,
Ž . Ž .and, parallel with the conditions 2 , 3 , satisfy
i zq* z p z  zp* z q z  0, 4Ž . Ž . Ž . Ž . Ž .Ž .
Ž Ž . Ž .. Ž Ž . Ž ..then the pair p z , q z is said to be a Stieltjes pair. Two pairs p z , q z
Ž Ž . Ž ..and p z , q z are said to be equivalent if there exists a meromorphic1 1
Ž . Ž . Ž . Ž . Ž .matrix-valued function G z with det G z  0 such that p z  p z G z1
Ž . Ž . Ž .and q z  q z G z .1
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 	Denote by h the integer part of real h, and put now
 	 Ž . 	m2 m1 2H  s and H  s ,Ž . Ž .0 ij 1 ij1i , j0 i , j0
which are Hermitian block-Hankel matrices associated with the initial data
 	s , . . . , s . It follows from 6 that the problem S is actually equivalent to a0 m
certain matrix moment problem, which consists in finding all of the
Ž . Ž .Hermitian measures  u  u such that

2 ks  u d u , k 0, 1, . . . , m 1Ž .Hk






2 ms  u d u .Ž .Hm

Thus, a criterion for the solvability of the problem S is established as
Ž  	  	follows. See 6 for the sufficiency and 7 for the case of m 2n 1
.only.
LEMMA 1.2. The problem S is solable if and only if H  0 and H  0.0 1
 	 Ž .Proof. Observe 1 that the problem 5 is solvable if and only if
s 0 s  0 1

0 s  s1 m1
 m   0.Ž . 
s  s 01 m1
  s 0 sm1 m
Ž .It is easy to check that  m is congruent to
H 00 ,ž /0 H1
Ž .so that  m  0 is equivalent to H  0 and H  0.0 1
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2. DESCRIPTION OF THE SOLUTIONS
To describe the solutions to the problem S, we begin by considering that
problem in the simplest case: m 0 and s  0. In what follows, for0
A1Ž .matrices A and B nonsingular of order p, denote AB by and theB
Drazin inverse of A by AD.
 	 Ž .LEMMA 2.0 1 . Let s  0. Then the set of the Hermitian measures  u0
Ž .  Ž . u subject to H d u  s can be parameterized by a 0
Ž Ž . Ž ..linear fractional transformation of an arbitrary Neanlinna pair p z , q z :
 d u s q zŽ . Ž .0 . 6Ž .H 1u z s p z  zq zŽ . Ž . 0
Ž .LEMMA 2.1. Let s  0. Then the set of the solutions  u to the problem0
 Ž .S with m 0, namely, H d u  s , can be parameterized by a linear0 0
Ž Ž . Ž ..fractional transformation of an arbitrary Stieltjes pair p z , q z ,
 d u s q zŽ . Ž .0 , 7Ž .H 1u z s zp z  zq zŽ . Ž .0 0
where the matrix
0 s0
 z Ž .0 1s zIž /0 p
is J-expanding in C and J-unitary on the real axis,
0 iIp
J ,iI 0ž /p
Ž . Ž .  Ž . Ž .i.e.,  z J z * J for z
C , and  z J z * J for z
R.0 0 0 0
Ž .  Ž . Ž .Proof. Let  u be such that H d u  s . Define d u  0, a.e.0 0
 Ž .for u 0, so that H d u  s . Then Lemma 2.0 implies that 0
 d u d u s q zŽ . Ž . Ž .˜0
F z   Ž . H H 1u z u z s p z  zq q0  Ž . Ž .˜ ˜0
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Ž Ž . Ž .. Ž .for a certain Nevanlinna pair p z , q z . But, by 1 , the last matrix˜ ˜
Ž . Ž .function F z belongs to S , so that zF z 
 N , and thereforep p
1 *i zF z  zF z *  s p z  zq zŽ . Ž . Ž . Ž .Ž . ˜ ˜Ž .0
 i zq z *p z  zp z *q zŽ . Ž . Ž . Ž .Ž .Ž .˜ ˜ ˜ ˜
11 s p z  zq z  0.Ž . Ž .˜ ˜Ž .0
Ž Ž . Ž ..Thus, by definition, p 	 , zq 	 is also a Nevanlinna pair. Set now˜ ˜
Ž . Ž . Ž . Ž . Ž Ž . Ž ..p z  p z and q z  zq z ; then p z , q z is actually a Stieltjes pair,˜ ˜
Ž .and 7 holds.
Ž Ž . Ž .. ŽConversely, for an arbitrary Stieltjes pair p z , q z and therefore
Ž Ž . Ž .. Ž Ž . Ž .. .p z , q z and zp z , q z are Nevanlinna pairs , by Lemma 2.0, the
Ž .matrix function defined on the right side of 6 corresponds to a Hermitian
Ž . Ž . Ž . Ž .measure  u  u such that 7 holds with zp z in place of
Ž .  Ž .p z and H d u  s . 0
Ž Ž . Ž ..  Ž . Ž .p z , q z being also a Nevanlinna pair, H z d u  u z 
 N by p
Lemma 2.0 again, so that it admits an integral representation of the matrix
class N ,p
 z d u 1 uzŽ .
 
 d u ,Ž .H Hu z u z 
Ž . Ž .in which 
 
* and  u  u is a certain bounded Hermi-
tian measure. Letting z  i and comparing imaginary parts of both
sides of the last equation, we have
  2u  1 uŽ .
d u  d u ,Ž . Ž .H H2 22 2 u    u   Ž . Ž .
whence
   u
2 1 u d u  d uŽ . Ž . Ž .H 2 2 22 1 u 1 u u   Ž .
 u
  d u  d u .Ž . Ž .H H21 u 
Putting
u 	
2 u  1 	 d 	  d 	 ,Ž . Ž . Ž . Ž .H 21 	0
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 	from the StieltjesPerron inverse formulas 8, p. 124 , we conclude that
 u 0   u 0Ž . Ž .
 const.
2
Ž 2 . Ž . Ž . Ž .Therefore 1 u d u  u d u and d u  0 a.e. for u 0. Thus
Ž .  Ž . Ž .7 holds and H d u  s for the aforementioned  u . The rest0 0
follows from the fact that
0 iIp
 z J z * .Ž . Ž .0 0 1iI i z z sž /Ž .p 0
Ž . ppGiven an arbitrary block vector h , h , . . . , h , where each h 
C ,0 1 k j
we define a transformation  ,k
 h , h , . . . , h  l , l , . . . , l , 8Ž . Ž . Ž .k 0 1 k 0 1 k1
throughout, where l  h and l , . . . , l are connected with h , . . . , h0 1 1 k1 0 k
by the relation
 	 Ž . 	k2 1, k1 2 1lŽ .i j1 i , j0
D
h 00
. .. . I  hŽ .k2	 0 . .
h  hk2	1 0
h1
. 	 Ž . 	k2 , k1 2 D. h  h h , . . . , hŽ . Ž .i j 0 1 Žk1.2	.i , j1
hk2	
h  h0 Žk1.2	1
. .. . I  h . 9Ž .Ž .Žk1.2	 0. .
0 h0
Ž .LEMMA 2.2. Let  u be a solution to the problem S with m 2. Then

Dd u s  s s F zŽ . Ž .0 0 1 1 , 10Ž .H D Du z zI  s s  zs F zŽ .0 Ž .p 0 1 1 1
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Ž .  Ž1.Ž . Ž . Ž1.Ž .where F z  H d u  u z for a certain  u resoling the mo-1 0
ment problem
 
Ž1. k Ž1. m2s  u d u , k 0, 1, . . . , m 3; s  u d u ,Ž . Ž .H Hk m2
0 0
11Ž .
in which sŽ1., sŽ1., . . . , sŽ1. are defined ia the formula0 1 m2
sŽ1. , . . . , sŽ1.    s , s , . . . , s . 12Ž . Ž .Ž .0 m2 m1 m 0 1 m
Proof. Without loss of generality, we may assume s  0. Put now0
Ž .  Ž . Ž . Ž .F z  H d u  u z , then F z 
 S , and this permits an asymptotic0 p
expansion in C:
s s0 m1m1 mlim z F z     u d u s .Ž . Ž .H mmž /z zz 0
 	 Ž .It follows from 1, Theorem 4.1 that F z can be rewritten as
s0
F z  , 13Ž . Ž .1 ˜zI  s F zŽ .p 0
Ž˜ .where F z 
 N andp
sŽ1. sŽ1.˜ ˜0 m3m1 Ž1.˜lim z F z  s    s ,Ž . ˜1 m2m2ž /z zz
in which sŽ1., . . . , sŽ1. are defined via˜ ˜0 m2
s , sŽ1. , . . . , sŽ1. , sŽ1.   s , . . . , s .Ž .˜ ˜ ˜Ž .1 0 m3 m2 m 0 m
˜ ˜Ž . Ž . Ž .Since zF z 
 N , F z z
 N , which shows that F z z
 S by Lem-p p p
ma 1.1. Also, from
˜ Ž1. Ž1.F z s s sŽ . ˜ ˜1 0 m3m Ž1.lim z     s ,m22 m1ž /z z z zz
we find that
F˜ z sŽ . 1 , 14Ž .
D ˜z zI  s F zŽ .p 1 1
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˜ Ž .where F z 
 N and1 p
sŽ1. sŽ1.1 m3m2 Ž1. Ž1.˜lim z F z  s    s , 15Ž . Ž .1 0 m2m3ž /z zz
Ž1. Ž1. ˜Ž . Ž . Ž . Ž .in which s , . . . , s are defined by 12 . Let F z  F z z. From 140 m2 1 1
we obtain
s1
F˜ z  
 N , 16Ž . Ž .pDI  s F zŽ .p 1 1
Ž . Ž . Ž .whence F z 
 N , which shows in turn that F z 
 S and, by 15 ,1 p 1 p
sŽ1. sŽ1.0 m3m1 Ž1.lim z F z    s .Ž .1 m2m2ž /z zz
Applying arguments similar to that given in the proofs of the
 	NevanlinnaHamburger theorem 8, pp. 9597, 9 and Lemma 2.1 to
Ž . Ž1.Ž .F z 
 S , one obtains that there exists a Hermitian measure  u1 p
Ž .0 u such that
 
Ž1. i Ž1. Ž1. m2 Ž1.s  u d u , i 0, 1, . . . , m 3, s  u d u ,Ž . Ž .H Hi m2
0 0
Ž .  Ž1.Ž . Ž . Ž1.Ž .and F z  H d u  u z . Thus,  u is the Hermitian measure1 0
Ž . Ž . Ž .we expect. Inserting 16 into 13 , we obtain 10 .
LEMMA 2.3. Let s , . . . , s be gien such that H  0 and H  0, and0 m 0 1
Ž1. Ž1. Ž . Ž1.Ž .let s , . . . , s be defined ia 12 . If  u is a solution to the problem0 m2
Ž . Ž .  Ž1.Ž . Ž .11 , and F z  H d u  u z , then1 0

Dd u s  s s F zŽ . Ž .0 0 1 1 , 17Ž .H D Du z zI  s s  zs F zŽ .0 Ž .p 0 1 1 1
Ž .where  u is a certain solution to the problem S.
Proof. Let
s  s s DF zŽ .0 0 1 1
F z  ,Ž . D DzI  s s  zs F zŽ .Ž .p 0 1 1 1
 	 Ž .which makes sense by 1, Lemma 2.6 . According to the formula 12 , it is
Ž .not difficult to verify that F z belongs to S and admits an asymptoticp
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expansion in C:
s s0 m1m1lim z F z    s s .Ž . mˆ mmž /z zz
By reason of arguments appearing in the proof of Lemma 2.2, there exists
Ž . Ž . Ž .  Ž . Ža Hermitian measure  u 0 u such that F z  H d u  u0
. z and
 
k mu d u  s , k 0, 1, . . . , m 1; u d u  s  s .Ž . Ž . ˆH Hk m m
0 0
Ž .Thus,  u is a certain solution to the problem S.
Ž0. Ž . Ž1.Now put s  s , i 0, 1, . . . , m. Formula 12 gives rise to s ,i i 0
. . . ,sŽ1. . The further continuation of the procedure is evident. In the casem2
 	  	of m 2n m 2n 1, resp. after n n 1 such steps, we construct
Ž1. Ž1. Ž2. Ž2. Žn1. Žn1. Žn.  Ž1. Ž1. Ž2. Ž2. Žn1. Žn1.	s , s , s , s , . . . , s , s , s s , s , s , s , . . . , s , s .0 1 0 1 0 1 0 0 1 0 1 0 1
By using Lemmas 2.2 and 2.4 recursively, we get to the general form of all
Ž .solutions  u to the problem S with m 2n or m 2n 1. Thus we
have the following.
THEOREM 2.4. If the problem S is solable, then the set of all solutions
Ž . u can be parameterized by a linear fractional transformation,
 z zp z   z q zŽ . Ž . Ž . Ž .11 12
, if m 2n
 z zp z   z q zŽ . Ž . Ž . Ž . d uŽ . 21 22 18Ž .H
 z p z   z q zu z Ž . Ž . Ž . Ž .0 11 12
, if m 2n 1, z p z   z q zŽ . Ž . Ž . Ž .21 22
where

Ž i. Ž i.D Ž i. Žn.n1 s s s 0 s0 1 0 0
 ,Ł Ž i.D Ž i.D Ž i. Žn.Dzs zI  s s s zIž / ž /i0 1 p 0 1 0 p
if m 2n;2  z   Ž . Ž .i j i , j1 
Ž i. Ž i.D Ž i.n1 s s s0 1 0
,Ł Ž i.D Ž i.D Ž i.zs zI  s sž /i0 1 p 0 1 if m 2n 1
19Ž .
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Ž Ž . Ž ..and p z , q z is an arbitrary Stieltjes pair subject to the condition that if
one at least of H and H is singular and if there exists a unitary matrix U such0 1
that
sŽm2. 00ˆŽm2. Žm2.U*s U , s  0ˆ0 0ž /0 0r
with m 2n and
sŽŽm1.2. 01ˆŽŽm1.2. ŽŽm1.2.U*s U , s  0ˆ1 1ž /0 0r
with m 2n 1, then
p z 0Ž .ˆ
U*p z U andŽ . ž /0 0r
20Ž .
q z 0Ž .ˆ
U*q z U 0 r p .Ž . Ž .ž /0 Ir
Žm2.  ŽŽm1.2. 	 Ž .In particular, if s  0 s  0, resp. r p , the problem S has a0 1
unique solution.
Ž .The independent parameters in 18 are the equivalent classes of the
Ž .Stieltjes pairs: different pairs lead to the same measure  u if and only if
they are equivalent.
We note also that the process described above can be applied also to the
full matrix Stieltjes moment problem and admits a precise algorithmization
Ž .to compute the resolvent matrix  z of the problem S. Furthermore, the
Ž . Ž . matrix  z given in 19 is in fact J-expanding in C and J-unitary on
the real axis if H  0 and H  0.0 1
3. NEVANLINNAPICK INTERPOLATION PROBLEM IN
THE CLASS SP
As an application of the previous results, we shall consider the truncated
Ž .matrix NevanlinnaPick interpolation NP problem in the class S . Givenp
 Ž .z , . . . , z 
C and z , . . . , z 
 , 0 , and a p p matrix sequence1 d d1 s
c , i 1, . . . , s, k 0, 1, . . . ,   1, where c  c , i d 1, it is re-i k i ik ik
Ž .quired to establish the conditions for a G z 
 S to exist such thatp
1
Žk .G z  c , i 1, . . . , s, k 0, 1, . . . ,   1, 21Ž . Ž .i i k ik!
and to give a description of all of its solutions.
MATRIX STIELTJES MOMENT PROBLEM 33
Ž .Let  z be the polynomial matrix of formal degree at most N 1,
Ž .where N 2        is the number of all interpo-1 d d1 s
1 1Žk . Žk .Ž . Ž .lation nodes with multiplicity, such that  z  c and  z i i k ik! k !
c ,  i, k. Now puti k
d s
 i iA z  z z z z z z 22Ž . Ž . Ž . Ž .Ž .Ł Łi i i
i1 id1
Ž . Ž .If  z A z has the Laurent expansion at infinity,
s s s s0 1 m1 m      ,m2 m1z zz z
 	  Ž .where mN 1, then it is known 4 that s  s k 0, 1, . . . , m . Wek k
Ž .call s , s , . . . , s the block-Hankel vector of that NP problem, which0 1 m
corresponds to a certain problem S mentioned in Section 1.
 	LEMMA 3.1 4 . The NP problem is solable if and only if the correspond-
ing problem S is solable, and there exists a one-to-one correspondence
Ž . Ž . Ž .between their solutions G z and  u u 0 defined by
 d uŽ .
G z  z  A z . 23Ž . Ž . Ž . Ž .H u z0
Thanks to this correspondence, the problem S enables one not only to
find existence conditions for the solutions to the problem NP, but also to
Ž  	describe all solutions, and so on. See also 4, 7 for the case where H  0,0
 	 .H  0, and m 2n 1; see 912 for more information.1
THEOREM 3.2. The problem NP is solable if and only if H  0 and0
Ž .H  0, in which s , s , . . . , s stands for its block-Hankel ector.1 0 1 m
THEOREM 3.3. If the problem NP is solable, then its general solution
Ž .G z can be represented in the form of the linear fractional transformation,
a z zp z  a z q zŽ . Ž . Ž . Ž .11 12
, if m 2n
a z zp z  a z q zŽ . Ž . Ž . Ž .21 22G z  24Ž . Ž .
a z p z  a z q zŽ . Ž . Ž . Ž .11 12
, if m 2n 1,a z p z  a z q zŽ . Ž . Ž . Ž .21 22
where
A z I  zŽ . Ž .a z a zŽ . Ž . p11 12   z , 25Ž . Ž .ž / 0 Iž /a z a zŽ . Ž . p21 22
CHEN AND HU34
Ž . Ž . Ž Ž . Ž ..in which  z is as in 19 and p z , q z is an arbitrary Stieltjes pair of the
form formulated as in Theorem 2.4. In particular, if sŽm2. 0 with m 2n0
or sŽŽm1.2. 0 with m 2n 1, then the problem NP has only one1
solution.
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